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Abstract—1In an extension of previous methods for maximum- such method exists for the joint estimation problem, in

likelihood (ML) Toeplitz covariance estimation, new itera-
tive algorithms for computing joint ML estimates of complex
sinusoids in unknown stationary Gaussian noise are pro-
posed. The number of sinusoids is assumed known, but
their frequencies and amplitudes are not. The iterative
algorithm, an adaptation of the expectation-maximization
(EM) technique, proceeds from an initial estimate of the
mean and Toeplitz covariance, and iterates between estimat-
ing the mean given the current covariance and vice versa,
with likelihood increasing at each step. The resulting ML
covariance estimates are compared to conventional estima-
tors and Cramér-Rao bounds. An analysis of the Kay and
Marple data set is also presented. The effectiveness of the
new algorithm for estimating means in unknown noise is in-
vestigated, and the usefulness of simultaneously estimating
the covariance and the mean is demonstrated.
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I. INTRODUCTION

In the problems we study here wide-sense stationary
noise processes having a superimposed time-varying mean
are observed over finite time intervals, and the goal 1s to
estimate the frequency components of the mean as well as
the spectral density of the stationary process. For this a
non-zero mean complex Gaussian model is assumed, with
the mean known to be a superposition of complex sinu-
soids having unknown deterministic frequencies and ampli-
tudes. The additive noise is assumed stationary implying
the covariance matrix of the random observation vectors
is Toeplitz, i.e. constant along the diagonals. We adopt
the method of constrained maximum likelihood: Given one
or more vector samples from the normal density, find the
maximum-likelihood estimate of the mean and covariance
matrix, subect to the constraints that the mean is a super-
position of a known number of sinusoids and the covariance
is Toeplitz.

Our interest in the joint estimation of sinusoids and Toe-
plitz covariances is motivated via several problems in which
we are currently involved. Estimating sinusoids in noise is
the core of the nuclear magnetic resonance spectroscopy
problem, for which we have already described iterative
maximum-likelihood algorithms under the assumption that
the additive noise covariance is known [2; 14]. However, no
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which the noise covariance is unknown.

We are also involved in Toeplitz covariance estimation
[5; 13; 15; 18; 20], our original motivation being for delay-
Doppler radar imaging of diffuse targets in which the target
reflectance at each point is modelled as a sample of a Gaus-
sian process with a spectrum determined by the power at
each Doppler frequency in the return signal. The imaging
problem for such diffuse targets is essentially a Toeplitz co-
variance or spectrum estimation problem. The importance
of a model also incorporating a deterministic mean com-
ponent has been indicated by Haykin [9] in which specular
and diffuse reflectors may be present in the environment
resulting in a need for estimation of the complex sinusoids
and the noise. Adding such glint or specular components
to the radar imaging model immediately requires solution
of the joint estimation problem.

The new contributions of this paper are threefold. Ex-
tending previous results [11; 15; 19], a new maximum-
likelihood method for solving the joint mean and covari-
ance estimation problem described above is presented. Sec-
ondly, the performance of this algorithm for estimating co-
variances when the mean 1s known, i.e. pure spectrum es-
timation, is explored via comparisons to the Cramér-Rao
bound and to other estimators, in particular those analyzed
by Kay and Marple [10]. (In this case the new algorithm
for joint estimation reduces to the one of [15], but sig-
nificant studies of this algorithm’s performance have not
to date been presented.) Finally the performance of the
new algorithm for estimating means when the covariance
1s unknown is explored, and the benefits of simultaneously
estimating the mean and covariance are demonstrated.

A. Problem Statement

Let Vg = {yg),yg), .. .,ygj)} be P independent G x 1
random vectors from a multivariate complex Gaussian dis-
tribution of the “circular” class considered in [7]. The
Gaussian has unknown Toeplitz covariance Kg and mean
e = Zf‘il m(1)w(—w;), a superposition of a known num-
ber M of sinusoids with unknown frequencies and ampli-
tudes where w(w) = (1/VN)[1 e=7¢ ... e=7¢(G=D]T (the
constant N will be defined shortly). The log-likelihood is

Li(pa, Ka) =
P

~Plog|Ka| - > (v&) — na) K5 (v — pa) (1)

r=1



and the constrained MLE’s are given by

(tg, Ka) = argmax Li(pa, Ka) | (2)
Ha€Ug
KgekKg

with constraint space

o= { e € €% | o = Yo mlipwi-w) }

i=1

where C is the field of complex numbers and Kg is the
set of G x G Hermitian positive-definite Toeplitz matrices.
Taking the variation of the objective function yields the
coupled equations which the maximizer must satisfy:

P
fr [(Kél S - pe) S - ne)tKg!
r=1

—PKal)éKG] = 0(4)

Re ((ya — ne)'Kg' dpe) =0, (5)

where ¥ is the sample mean. For (pe, Ka) to solve (2),
both conditions above must hold for all feasible variations
0Kg of Kg and dpg of pg. If pe is taken to be zero, (4)
reduces to the trace condition of Burg et al. [1].

B. Constrained Solution

In subsequent sections we explore ways of solving the
maximum-likelihood equations (4, 5). We extend our pre-
vious work [13; 15; 23] to include the case where not only
must the Toeplitz covariance be estimated, but also the
complex amplitudes and frequencies of the sinusoids com-
prising the mean. To avoid singularity of the Toeplitz-
constrained ML estimate of (2), we constrain the solution
along lines proposed previously by forcing the covariance
to be not only Toeplitz, but also to have an embedding in
a larger N x N circulant matrix, ensuring the existence of
a positive-definite MLE [5]. To generate the ML estimates
we will use numerical techniques based on the expectation-
maximization algorithm of Dempster et al. [4].

If Kg has a circulant embedding to length N, it must
be of the form

N-1
K = o(i) w(2ri/N) w(2ri/N)
= W.SWg , (6)

where Wi = [w(0) w(27/N) - -w(2r(N —1)/N)]T is N x
G and X = diag[c(0)---o(N — 1)]. We denote as K3 the
set of (G x GG positive-definite Toeplitz matrices that can be
generated by (6). KJ is a strict subset of Kg, but as N
increases, elements of ICJQV are better able to approximate
covariances in Kg. (The computational burden of increas-
ing N is low if the FFT is used to perform multiplication
by Wg [6]. The circulant approximation to Toeplitz co-
variances is further discussed in [3; 12; 16].)

The mean pg of yg)

to

is similarly constrained according

M
ne :Zm(k’i)w(—Qﬂ-ki/N) , ki€ {0,...,N—1}, (7)

with N chosen large enough to give the desired frequency
resolution. The set of G x 1 vectors that can be generated
by such a superposition will be denoted Uév. It is conve-
nient to write pg = W(EmN where my € M s, the set of
complex N-vectors having at most M nonzero entries.

In summary, the constraint sets are formally defined as

L{év = {HG e Y ‘
M
na = Zm(kl)w(Q?;fkl) , 0< b < N(}a)
i=1
Ky = {Keerod|
= 2w o
Ko = Y o(i) w(S)w(5)T > 0}, (8b)
i=0

where the notation Kg > 0 means K¢ 18 positive-definite.
The constrained maximum-likelihood estimation problem
is to choose pg, Ko maximizing the log-likelihood (1) sub-
ject to pg EUéV, Kg EICJQV.

Remark: These expressions for the mean and covari-
ance have a physical interpretation apart from being rep-
resentations of the process parameters. If, instead of the
truncated DFT bases w(27i/N) (0 < ¢ < N), the entire
N-length vectors are used to construct a larger N x N co-
variance matrix from X, we have Ky = W&EWN, where
K appears in the upper left G x GG corner of K. An aug-
mented mean pun = W&mN can be similarly constructed.
Each G x 1 sample yg) can thus be viewed as the ini-
tial segment of an incompletely observed N-periodic pro-
cess Y1(\?) having mean pn and circulant covariance Ky.
These augmented samples are the complete-data of the
EM algorithms presented in the next chapters. It be-
comes useful to define the frequency-domain random vec-

(r)

tors cl(\?) = Wyyy’ having a normal density with log-

likelithood
Lc(mNa E) =
N-1 N-l o P
—P Z logo(i) — Z % Z |C¥)(l) - mN(i)|2(9)
7=0 =0 r=1

(r)

The sample mean of the ¢y’ is denoted €x.

II. ESTIMATION OF CONSTRAINED MEANS

For clarity of exposition we first develop a procedure for
estimating the constrained mean alone. Of limited interest
by itself, this procedure is of most use when incorporated
into the joint mean/covariance estimation method in the
next section. If the covariance K¢ 1s assumed known, the



MLE constrained to be a superposition of M sinusoids be-
comes

P
i = argmax — > (v - pa) K (vl — pa). (10)
na Eué\f r=1
Two difficulties with this constrained maximization are il-
lustrated by writing the objective function in terms of the
orthogonal decomposition Kg = QTAQ:

—HG TQfA~ Q( —HG)

!
—HG A=y E;) - pa’)

P
—20
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/
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where the whitened data yé = QyG and mean pg’ =
Que have been used. If it were known which M sinusoids
make up prg the maximization of (11) would be a linear
least squares problem; however, the nonzero components
are unknown, implying the solution is substantially more
difficult. And if Kg 1s unknown and must be estimated
(as in the joint estimation problem) then for each candidate
covariance there is a different orthogonal decomposition Q.

We address these difficulties by assuming that, for large
enough N, Kg € KX, so that the covariance can be rep-
resented using the basis vectors making up the mean. To
see the simplification this allows, suppose for the moment
that G = N. Then (10) may be rewritten in terms of the
spectral decomposition Ky = W&EWN:

N-1 P
my = argmax — Z Z —|CN i) —mn()F. (12)
mnEMy i=0 r=1

The problem now decouples across frequency bins, and the
solution is obtained by setting my({) = €x in the M bins
where |ey(i)]?/o (i) is largest, and to zero elsewhere.

This indicates the maximization of (10) can be solved
via the EM algorithm, with the complete-data space being
the extension of the available G-length records to length
N. The EM algorithm for constrained mean estimation
is derived accordingly as follows. The expectation of the
complete-data log-likelihood (9) becomes, after discarding
terms not a function of my,

E [Lc(mN) ‘yg,mg’q -

Z ZE[

from which the unconstrained mean estimate may be writ-
ten

mN |2‘y9’m1(\1)} )

(i) ! ZP: E ()

r=1

My = ml(\I)I+EWGK Hya—nd) .

ml(\’;)} , or

This estimate is constrained to have only M nonzero com-
ponents by examining the penalty in likelihood paid by
zeroing out the i*" bin of my:

W= g (S 0r o] -

r=1

Z E (1§ (i) -
r=1

(i) P

This cost is a normalized measure of the energy in the ith

frequency bin of the mean. The constraint is enforced by

(p+1) (i)

i) | Yo

setting my = mn (%) if v is among the M largest
costs, and to zero otherwise. Formally, define indices such
that yg, > Ve, > - > Yenoy, and let Tay = {ko, ..., kar—1}.
The above procedure can then be summarized as

Algorithm 1 (EM Constrained Mean Estimation)
Given a set of observations Yg from a stationary Gaus-
stan process with an unknown mean and known Toeplitz
covariance Kg € ICJQV, an EM algorithm for computing the
mazrimum-likelthood estimate of its constrained mean is de-
fined by the following iteration:

o Iind the unconstrained mean estimate my = mf\?) +

SWeKG' (Vo — nd))
. Calculate the costs v; = |mn(i)|?/Po(i), for each bin
t=0---N—-1.
(P+1) _ ﬁlN(l) t €Iy
o Setmy (1) = 0 Ty

Remark: If M > G, there is no unique MLE my. Indeed,
since any set of M distinct direction vectors 1s linearly in-
dependent, there are (ﬁ) equivalent solutions if M = G,
and infinitely many if M > G, so we require M < (G as a
necessary condition for a unique estimate to exist.

I1I. ESTIMATION OF CONSTRAINED MEANS AND
ToEPLITZ COVARIANCES

Although the mean arises from point sources, suppose
that the interfering noise is diffuse and its strength does
not vary wildly with frequency. Less resolution is there-
fore needed to estimate the spectrum than the mean. This
suggests representing the spectrum with a superposition of
basis functions; accordingly, suppose N = J@) and write

S s(m) (i)

o(i) = s(m) >0 (13a)
I mQ <i<(m+1)Q

P (7) (13b)
0 else

Each of the J basis functions has a disjoint support of Q
integers. This reparameterizes the spectrum in terms of

S =[s(1)---s(J—1)]T. We define

Z ,

m=0

KS = {Kg=W.SWg e K} | o(i)



the set of covariance matrices that can be generated via
spectra of the form (13). The complete-data log-likelihood
of (9) becomes

J—-1
L¢(my, S) = —PQ Z log s(m)
m=0
I-1 (m+1)Q-1 p
- Z s(m) Z Z|CN Z - (Z)|2 (15)
m=0 i=mQ@Q r=1

It 1s the expectation of this re-parameterized complete-data
log-likelihood function that is maximized in the M-step of
the EM algorithm.

Remark: If J = N, the spectrum is composed of N ba-
sis functions and no smoothing is done. As J approaches
unity, the spectrum becomes white. If J = G the number
of spectrum parameters equals the number of covariance
parameters determinable from the G-length observation.
More elaborate schemes have been explored using polyno-
mial spline representations of the spectrum [17].

A direct EM algorithm solution to the joint mean and co-
variance estimation problem requires an exhaustive search
over all the allowable (JJ‘\;) configurations of mean energy.
As an alternative to a strict EM solution, recall that the
most important properties of the EM algorithm stem from
its nondecreasing likelihood [24]. Below we craft a gener-
alized EM (GEM) algorithm having this property.!

Let each iteration consist of two stages named M and K
for mean and covariance estimation respectively. On itera-
tion p+ 1, stage M uses (u(cf), Kg)) to perform one step of
the EM algorithm for computing a constrained mean when
the process covariance is known. The covariance is taken to
be Kg), and the resulting mean estimate is u(cf-l_l). Then
stage K uses (u(p+1) K )) to find a new covariance esti-

mate KgH) by performing one step of the EM algorithm
for covariance estimation when the mean is known to be
u(cf-l_l), and the iteration is complete. Since both stages
are EM steps,

Li(p® KE) < Li(n& Y KE)) < Li(n&HY I

bl

and the likelithood is nondecreasing.

Separating the mean and covariance estimation phases
this way allows the spectrum constraint and mean con-
straint to be easily introduced. The potential disadvantage
of the GEM solution is that its two-stage maximization
may reach a fixed point not otherwise attained by a joint
maximization algorithm (e.g., the joint likelihood function
has a ridge in the plane defined by one covariance parame-
ter and one mean parameter). This has not been observed
in practice.

Now a method for jointly estimating the constrained
mean and Toeplitz covariance follows easily. The proce-
dure performed by stage M 1s precisely algorithm 1. It will
be interlaced with the following method of constrained co-
variance estimation. The maximization problem associated

'The proposed algorithm is not a GEM algorithm in the sense origi-
nally set forth by Dempster et al. in [4].

with stage K is

Kg = argmax —P log |Kg|
K(}EKS

P

S 6% - ne) 'K yE) — nalls)

r=1

where the mean pg 1s considered known. To find the
EM iteration, the expectation of the complete-data log-
likelihood of (15) is differentiated to obtain the M-step:

s+ (m) =
1 (m+1)Q-1 p
e > B [1eR) () = ma(i)2| Vg, =@ 17)

1l
3
QO
.
1
-

At each iteration, the expected variances of cl(\?)(i) given
the current parameter estimate are found and averaged
over realizations and the support sets of the spectrum basis
functions. The explicit form for the processing of stage K is
easily derived, and is here expressed using the intermediate
quantity 3

¥ = ROWKP ™«

P
1 r r t —

FZ(yé)—uG) (yg)—uc) K Twln®

r=1
+30) - 2OWKD T W s @) (18)
1 (m+1)Q-1
s (m) = (i,1), 19
(m) = 0 ZZm:Q (1,4) (19)

and the updated spectrum estimate 3(®+1) is obtained
from S(P*Y) via (13). In summary we have

Algorithm 2 (Mean and Covariance Estimation)
Given a set of observations Yg from a stationary Gaussian
process having an unknown mean and covariance, a GEM
algorithm for computing the mazimum-likelthood estimate
of its constrained mean and Toeplitz covariance is defined
by the following iteration:

2

o [ind the unconstrained mean estimate my = my’ +
1W< (5 )

e Calculate the costs v; = |rn(i)|*>/Pa'?
bini=0---N—1.

(i), for each

(p+1) _ ﬁlN(l) 1€ Iy
o Setmy (1) = 0 Ty
e Compute SCPTY and ZP+D) wwith (19) and (13), re-

spectively.

Remark: By setting M =0 and J = N the mean estima-
tion stage vanishes and the spectrum is not smoothed, so
the covariance estimator of [15] is obtained.

IV. CoVARIANCE ESTIMATION PERFORMANCE

We have noted that with M = 0 and J = N, algo-
rithm 2 is equivalent to the covariance estimator proposed



in [15]. In this section we examine the performance of
these equivalent estimators by comparing the error mo-
ments of the MLE to those of simple lag product methods
and the Cramér-Rao bound. We also compare the ML co-
variance estimator to the group of estimators presented by
Kay and Marple [10]. It will become convenient to specify
a covariance matrix Kqg by its covariance sequence K (1),
0 < 7 < (G, which is the first row of the matrix. To avoid
wraparound effects; we will assume G < N/2 throughout
this section.

A. Performance Benchmarks

The three simple lag-product estimators in table 1 will be
used as benchmarks for evaluating the performance of the
MLE. The first is CD-ML, the MLE of the covariance when
the full process period (the complete data) is given. CD-
ML is the minimum-variance unbiased estimator of Ky.
When G < N pieces of data are available, two estima-
tors are commonly used: the unbiased lag-product esti-
mator UBLP and the biased lag-product estimator BLP,
also known as the periodogram. The variance of [A&’ublp(r)
generally increases as 7 approaches (G; BLP lowers this
variance by scaling the estimate down for large 7, at the
expense of some bias in this region.

To find the Cramér-Rao variance bound, parameterize a
covariance matrix Kg € Kg via the 2G' — 1 real numbers
k_Gi1,. .., ka—1 defined by Kg(0,0) = ko and Kg(0,7) =
kr + jk_; for 0 < 7 < G. For an estimate KG € Kg, we
therefore have

Var{Ka(0,7)} = { Var{k:} r=0

Var{l;'T} + Var{l;'_T} 0<r<d@
(20)

The (2G—-1)x(2G—1) Fisher information matrix J of these

scalars, indexed from —G 4 1 to G — 1, has elements (see

[21])

9?L; (K
Jmon) = = [ﬁ]
_10Kqg .., 0Kg
_ 1 1
= Ptr(KG o Ka %n). (21)

Letting B, € C“*% have ones on its m'" superdiagonal
and zeros elsewhere allows us to write

9K jiBm—BL) —G<m<0
ok = a m=10 (22)
m B,, + B, 0<m< @

The bound is obtained by inverting J and applying (20).
This formulation expresses the Hermitian and Toeplitz con-
straints, but not the circulant extension one; the bound is
thus applicable to estimation over the constraint set Kg.
(See [8] for ways to incorporate the circulant extension con-
straint.)

B. Performance versus Lag Product Methods

The following performance study compares the first two
error moments of ID-ML to CD-ML, UBLP, BLP and the

Cramér-Rao bound. Two spectra were examined:
white, the other consisting of several impulses (figure 1).
To evaluate the ID-ML estimates, we generated 500 inde-
pendent sets of data Vg, each consisting of one data record
(i.e. P =1), having one of the sample spectra. Algorithm
2 with M = 0 and J = N was applied to each realization,
resulting in 500 independent ID-ML covariance estimates
from which the sample means and variances of ID-ML were
calculated. The circulant extension in the EM algorithm
was chosen as N = 32 to agree with the length of the
process spectra. Several values of G were studied for each
process.

Figure 2 shows the experimental results for the white
process. The leftmost two panels show the components of
root mean-square error (RMSE), bias and standard devi-
ation, when GG = 16. Panel (a), plotted on an expanded
scale, shows that all four estimators are essentially unbi-
ased for this process, with the bias of BLP hidden because
K(r) = 0for 7 # 0. Comparing panels (a) and (d), we see
that estimator standard deviation dominates the RMSE
error measure for this covariance. BLP fares well for such
processes. In fact, its standard deviation falls below that
of CD-ML, which is an efficient estimator given N pieces
of data. UBLP, because of its rise in variance at the edge
of the window, does poorly by comparison with BLP even
though the former is efficient for a white process. ID-ML
suffers no rise in variance as 7 approaches G. For low
values of 7 1t does not attain the level of UBLP because
ID-ML is based on being able to fill in missing lag products
with conditional expectations. The predictions fail when
samples are independent.

The rightmost four panels show the RMSE of the three
covariance estimators and the Cramér-Rao variance bound,
plotted versus lag number 7. Each curve corresponds to a
different data record length G. Also on these four panels is
the RMSE of CD-ML, which equals the Cramér-Rao bound
when given the full N = 32 length data record. Let us
examine the panels one by one.

The RMSE of UBLP changes in a regular way. The
curves are shifted versions of each other, each reaching a
maximum value of K(0) at 7 = G — 1. As G decreases,
average RMSE across all lags increases rapidly. For a white
covariance, the Cramér-Rao bound (panel (e)) is the same
as the RMSE of UBLP.

For several values of G and 7, the RMSE of BLP is ac-
tually lower than the Cramér-Rao lower bound given the
full process period. Acceptance of some bias allows BLP
to reduce its variance, and since the variance component
dominates RMSE for this process, the net effect is a drop
in RMSE.

Finally, the RMSE curves for ID-ML start out (at G =
16) almost flat, and, as G is decreased, become more peaked,
though not to the extent of UBLP. This is a benefit of the
circulant extension constraint. For example, at G = 16,
the first 16 covariances can be immediately estimated from

one



the available lag products. But because K¢g € ICJQV, sym-
metry completely determines the extension of Kg to Ky,
save for one free covariance. The conditional expectations
used by ID-ML to fill in the unavailable lag products then
work with essentially complete knowledge of the process.
But as G decreases, more parameters in Ky are free and
the problem approaches the unconstrained one, with the
performance of ID-ML becoming closer to UBLP, which is
the unconstrained MLE. At any rate, the MLE suffers no
catastrophic rise in variance at the edge of the lag window,
a benefit of the circulant extension constraint.

Figure 3 shows the corresponding information for the im-
pulsive process. Let us first examine the bias and variance
when G = 16. The bias of BLP is evident. ID-ML, how-
ever, is essentially unbiased. In panel (d), UBLP exhibits
its characteristic variance rise for large lags, and BLP its
decrease in variance. ID-ML essentially attains the stan-
dard deviation of CD-ML. This s because this process, hav-
wng broad covariance support, can be predicted by the MLE.

Moving to the plots of RMSE for various G, the UBLP
curves are again shifted versions of each other, though they
are now closer to the RMSE of CD-ML. Performance in re-
lation to the white process is improved due to the decrease
in the variance of the process samples in relation to the
overall magnitude of the covariances being estimated. The
effect of bias on BLP is evident. While remaining low, the
RMSE of BLP varies in proportion to the magnitude of the
process covariance.

The (-data CRLB is quite close to the N-data CRLB ex-
cept at G = 4, where by numerical accident the covariance
Kg is virtually white (see figure 1d). The lower bound is
insensitive to changes in G since for this process, each piece
of data does not carry independent information about the
covariances.

The striking observation (Fig. 3 f) is that the maximum-
likelihood method essentially attains the Cramér-Rao lower
bound, except for the anomaly at G = 4. The broad covari-
ance support of the process allows the MLE to accurately
predict the unknown lags.

C. Performance versus Other Spectrum Estimators

Now we compare the performance of the MLE to the
group of estimators examined by Kay and Marple [10].
The process spectrum used in their study is shown in fig-
ure 4a. The frequency axis ranges from zero to 0.5 and
represents the fraction of the sampling frequency: for a
real-valued process such as this one the spectrum is even.
The PSD consists of two components clustered at 0.20 and
0.21 having equal energy, a third smaller spike at 0.10, and
broadband Gaussian noise. The spikes, which are due to
deterministic sinusoids, are intended as a frequency reso-
lution test, and the lower-amplitude spike to see if weak
signals are masked by strong ones.

Algorithm 2 with N = J = 200 and M = 0 was applied
to the single G = 64 length data record provided in [10].

The resulting spectrum estimate dig.m(¢) is shown in fig-
ure 4b with the broadband part of the process spectrum
superimposed. The ID-ML estimates of all three spikes
agree well in both location and in magnitude with the pro-
cess spectrum. Further, the maximum-likelihood algorithm
infers the shape of the broadband noise, although the esti-
mate is extremely rough and shows substantial deviations
from the true spectrum. The tendency of the maximum-
likelihood approach seems to be to concentrate spectral en-
ergy at several frequencies, even though the true spectrum
may be broadband.

An extensive comparison, adapted directly from [10],
is shown in the remainder of the figure. The purpose of
the comparison 1s to illustrate the properties of each tech-
nique rather than to make detailed performance compar-
isons since only one data set was analyzed. The estima-
tors shown include lag product methods (¢), autoregres-
sive models (d, e, f, h), moving average models (g), and
line spectrum models (4, k). The ML method is able to re-
solve components arising from deterministic sources with-
out producing spurious components, and provides quan-
titative estimates of the amplitudes of the spectral lines.
Only one other method (the Prony method in (k)) quanti-
tatively estimated the power at these frequencies.

V. JOINT MEAN AND COVARIANCE ESTIMATION
PERFORMANCE

Now the performance of the joint mean and covariance
estimator of algorithm 2 is examined. Table 2 introduces
some benchmarks which provide a basis for evaluation of
the performance of the new ML estimator. For each esti-
mator costs are given which are to be computed across each
frequency index. Just as in solving (12), the M frequencies
having the largest costs are allowed to be nonzero. (Since
we are primarily concerned with estimating the frequency
correctly, it 1s not important what value the nonzero bins
take on.)

The first three estimators are based on the full N samples
of the process, which aren’t available in practice. First is
CD-ML, the joint MLE of the mean and covariance, which
is obtained by applying algorithm 2 with G = N. Next are
two Fourier-based complete-data processing methods. If
the spectrum is known, the ML estimate of the constrained
mean is obtained just as in solving (12). This is called
CD-FS to indicate that it uses the spectrum. In practice,
the process spectrum is unknown, but one can nevertheless
find an estimator by analogy with CD-FS by computing the
costs assuming a white spectrum; this is CD-F.

If G < N samples are known, we have first the esti-
mate of algorithm 2, called ID-ML. Fourier estimators are
formulated using the zero-padded N-point Fourier trans-
form Wg¥a = Cyje. Costs can be computed assuming the
spectrum is known (ID-FS) or not (ID-F), just as in the
complete-data case.



A. Performance versus Fourier Methods

First let us examine the ability of the estimators to dis-
criminate between the deterministic mean and noise in the
form of covariance or spectrum energy. Define the signal-
to-noise ratio (SNR) as

[E{ya(0)}]?
#10 Var{ga (1)}

Plpc(0)]”

SNR = 10log = 10log,, (0( 0|)

(23)
a loose measure of the estimability of the mean. The pro-
cedure is to vary SNR and determine the point at which
mean estimates degrade. The parameters used for the sim-
ulation study are N =32, G=J =16, M =1,and P = 4.
The two processes studied are shown in figure 5. The pro-
cess in the upper two panels is a single sinusoid in a field
of wideband nonoverlapping noise; the second is the same
mean in narrowband overlapping noise. SNR, is varied by
adjusting the scale parameter o. We shall examine the
mean and variance of the single element of [ys, the integer
representing frequency of the complex sinusoid. As previ-
ously, 500 independent realizations of data were generated
from which sample means and variances were calculated.

Results for the nonoverlapping process are shown in fig-
ure 6. Panel (¢) shows the negative of the RMSE of fre-
quency estimates? versus SNR. At high SNR, all estima-
tors perform equally well. At about 0dB, the incomplete-
data estimators’ performance begins to degrade rapidly,
but in different ways for each. The ID-F variance and
bias increase rapidly, with the variance eventually becom-
ing small. At first ID-F chooses predominantly the correct
frequency, with the incorrect estimates falling in the range
16-31, making the variance large. As SNR decreases fur-
ther, all estimates concentrate in the range of the noise,
the variance drops, and the bias increases. The histograms
in panels (d) and (e) illustrate this: at -3dB, the open bars
showing individual ID-F frequency estimates are concen-
trated at the correct value with a few outliers. At -12dB,
ID-F generates no correct estimates, but they are more
concentrated, lowering the variance.

ID-ML maintains a low bias over the range of SNR ex-
amined here. It has approximately the same threshold of
0dB as does ID-F; however, the effects of higher noise are
not as pronounced: ID-ML never reaches the high bias
characteristic of ID-F (see panels (d) and (¢)). Panel (e)
illustrates this clearly: 78 of 100 of the ML frequency es-
timates are correct while none of the ID-F estimates are
close to the true value. In fact, referring to the chart of
RMSE in panel (¢), the performance of ID-ML apparently
eventually exceeds that of ID-FS.

Error statistics for the narrowband, interfering noise pro-
cess are shown in figure 7. This time ID-F fares well be-

?The negative of RMSE, standard deviation, and bias are plotted to
give the impression of performance “falling” as error increases.

cause the noise and the deterministic signal lie at approx-
imately the same frequency, and choosing either yields an
acceptable estimate. ID-ML is the next best performer,
followed by ID-FS.

A histogram of ID-ML and ID-F estimates before per-
formance degrades is shown in panel (d). TD-ML again
outperforms the Fourier approach. Even after RMSE per-
formance of ID-ML starts to degrade (panel (e)), its es-
timates are qualitatively more accurate than ID-F, with
more estimates concentrated at the true value.

B. Benefits of Joint Estimation

We conclude the simulation results by demonstrating
that, for the ML estimator, estimates of sinusoid frequen-
cles Increase in accuracy as spectrum estimates improve.
The mean and spectrum used for the experiment are the
same as shown in the upper panels of figure 5. The pa-
rameter choices are N = 32, G = J = 16. The following
procedure was used:

1. The process mean my and signal-to-noise ratio were
held constant.

2. The number of realizations P and the spectrum scale
constant a were varied to maintain constant SNR while
changing the accuracy with which the spectrum can be
estimated.

This is done as follows. For constant SNR (see (23)) the
ratio P|pa(0)]?/Kg(0,0) must be constant, which implies
Kq(0,0) o P or Kg o P since all of Kg is scaled uniformly.
If this is done the density of ¥ remains constant as P
varies.® Since CD-F, ID-F, CD-FS, and ID-FS are calcu-
lated using only the statistic yq, the performance of the
Fourier estimators does not vary as P changes.

However, the estimability of the spectrum does change.
Standard deviation of spectrum estimates tends to increase
linearly with P because K¢ is growing. At the same time,
the increase in the size of the dataset pushes the standard
deviation down by a factor of v/P. (Strictly true for an effi-
cient unbiased estimator, this is appropriate as a heuristic
for the MLE as well.) The combined effect is that the
standard deviation, and also the RMSE (since bias makes
a negligible contribution to RMSE) go up as VP when P
increases. Looking at this another way, as P increases, the
RMSE of the spectrum estimates relative to their expected
value goes down as VP.

This is shown in figure 8 for SNR = —3dB. The RMSE
of a sample element of the spectrum estimate, &ig.mi(16),
is shown across a range of P. The solid line is the RMSE
normalized by the process spectrum ¢(16), and the dashed
line is the same RMSE normalized by /P. The solid line
confirms that the RMSE of the ML spectrum estimate rela-
tive to the process spectrum decreases as P increases. The
dashed one indicates that the dependence is indeed ap-

Us1ng superscripts to indicate dependence on P we have y( M )
N(pa, KE} )) hence y( )~ N(pa, (l/P)K(P)). Since K( )OCP write
P
KE} ) = K(l) yielding yé N N(pa, KE}I))



proximately 1/\/? Similar effects occur across the entire
spectrum.

The effect of such improving spectrum estimates on mean
estimates is shown in figure 9. Panel (¢) summarizes the
result by showing the RMSE of the frequency estimates.
At P = 2, the RMSE’s of CD-ML, ID-ML, CD-F, and
ID-F are quite high: about 14 for a quantity that ranges
between 0 and 31. As P increases, the RMSE of the joint
ML estimators decreases rapidly, until finally at P = 16
there is no longer any error in the ML frequency estimate.
By this point ID-ML outperforms ID-FS as well as ID-F.
The RMSE of the Fourier-based approaches (including that
of ID-FS) remains constant, since the statistics of ¥ are
constant, while that of the MLE improves due to better
spectrum estimates.

VI. CONCLUSIONS

From simulation studies we conclude that the ML es-
timates of stationary covariances appear to be essentially
unbiased provided that the underlying process is modeled
correctly. Although the maximum-likelihood estimator of-
fers lower variance than the UBLP estimator in almost all
situations, the effectiveness of the MLE is greatest when
the underlying process has broad covariance support. In
such cases the ID-ML estimator can give performance ap-
proaching the complete-data maximum-likelihood estima-
tor. Furthermore, the maximume-likelihood method offers
better frequency resolution than many other contemporary
model-based methods. It quantitatively estimates signal
power.

A new algorithm has been developed to estimate the
process mean consisting of complex sinusoids of unknown
frequencies and the Toeplitz covariance jointly. Experi-
ments indicate that, because the ML method takes the
spectrum into account, estimates of the sinusoidal frequen-
cies present can be greatly improved. An example is a pro-
cess where there is substantial noise away from the process
mean. However, if the noise is in a narrow band coincident
with the mean, then improvements in terms of RMSE are
more modest. In terms of the proportion of correct fre-
quency estimates rather than their RMSE, though, there
are improvements even for these processes. The benefit
of estimating the spectrum simultaneously with the mean
was demonstrated. As spectrum estimates improve, the
estimates of the process mean also improve.
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Covariance Fstimators and Their Error Moments

NAME ESTIMATOR Bias VARIANCE
1 BNl ) ) ;| N=l

o _ - r),. ¥, . L 12

CD-ML - Keami(7T)= 5 2 2 w (D (i47)N 0 o Z_; |Kn(0,4)]
. 1 P G-1-1 N G—1-1 G—1-1
UBLP  Kypip ()= = S50y i+ 0 ( Z Z Ka (i, )]
r=1 =0 i=0

. 1 G—r-1 ) ( )* r G—r—1 G—1-1

BLP Kuip(1)= ﬁ; 2 yer (1) i) (i+7) —51((7) PG2 Z; Z_: 1K (i, 7)|

Table 1: Lag product covariance estimators and their first two error moments. The notation (7)x denotes i mod N.

Mean FEstimators

NAME  NOTATION CosTs
CD-ML  titcd.mi (i) |x (8) |/ Gea-nnl (i)
CD-FS Med-fs (1) |ex(@)[*/o (i)

CD-F Med-r(1) |ex ()7
Ly L0 B B
ID-FS Mia-fs (1) |exia (1) [* /o ()

ID-F Mia-(?) |exia (D))

Table 2: Maximum-likelihood and Fourier-based constrained mean estimators for complete-data (CD) and
incomplete-data (ID) cases. Only the costs used to discriminate among the N frequency bins of the mean are shown.
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WHITE PROCESS
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Figure 1: Noise processes used in simulation studies of estimator performance. (The triangular shape of the discrete
impulses is a result of connecting discrete points with lines; while technically more correct, bar plots can overwhelm
the eye.)
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COVARIANCE ESTIMATOR ERROR: WHITE PROCESS

OEEstimator Bias (G = 16) RMSE of UBLP RMSE of BLP
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Figure 2: The leftmost two panels show the standard deviation and modulus of bias for the white process and G = 16
plotted versus lag number 7. The bias is shown in expanded scale. The rightmost four panels show RMS errors for the
white process with G =4, 6, 8, 12, and 16, plotted versus 7. The UBLP, BLP, and ID-ML estimators and the
Cramer-Rao bound are shown, together with the CD-ML estimator, which is in dotted lines on those four panels.
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RMS ERRORS: IMPULSIVE PROCESS
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Figure 3: The leftmost two panels show the standard deviation and modulus of bias for the white process plotted
versus lag number 7 for G = 16. The rightmost four panels show RMS errors with G = 4, 6, 8, 12, and 16, plotted
versus 7. The UBLP, BLP, and ID-ML estimators and the Crameér-Rao bound are shown, together with the CD-ML
estimator, which is in dotted lines on those four panels.
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COMPARISON OF SPECTRUM ESTIMATES
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Figure 4: Comparison of spectrum estimators based on their spectrum estimates from a sample data record. The
spectrum of the process is in panel (a), and the MLE is in panel (b) with the broadband part of the process spectrum
superimposed on it. These graphs are adapted from [10].
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NONOVERLAPPING PROCESS
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Figure 5: Frequency-domain means (left) and spectra (right) of the two processes examined in the simulation studies.
SNR is controlled via the scaling parameter o.
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FREQUENCY ESTIMATES: NONOVERLAPPING PROCESS
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Figure 6: Nonoverlapping process frequency estimates. The upper panels show the negative of the bias, standard
deviation, and RMSE of the frequency estimators over a range of SNR. Both complete- and incomplete-data estimators
are plotted using the same line style; each CD estimator lies above the corresponding ID estimator. The lower panels
show histograms based on 100 independent ID-ML (solid bars) and ID-F (open bars) estimates at -3dB and -12dB.
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FREQUENCY ESTIMATES: OVERLAPPING PROCESS
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Figure 7: Overlapping process frequency estimates. The upper panels show the negative of the bias, standard
deviation, and RMSE of the frequency estimators over a range of SNR. Both complete- and incomplete-data estimators
are plotted using the same line style; each CD estimator lies above the corresponding ID estimator. The lower panels
show histograms based on 100 independent ID-ML (solid bars) and ID-F (open bars) estimates at 3dB and -3dB.
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Figure 8: RMSE of 6iq.m1(16) versus P. The solid line (scale at left) is this quantity normalized by the process
spectrum, and the dashed line (scale at right) is the RMSE divided +/P.
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STATISTICS OF FREQUENCY ESTIMATES
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Figure 9: The negatives of bias, standard deviation, and RMSE of frequency estimates versus log,(P). Both complete-
and incomplete-data estimators are plotted using the same line style; each CD estimator lies above the corresponding
ID estimator.
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